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Abstract. Using the indefinite metric, we study the coupling of three irreps of the OSP(1, 2)
algebra, and give the general definition, orthogonality conditions, symmetry properties and
calculating formulae of the Racah coefficients of the OSP(1,2) algebra. Eight kinds of
Racah coefficients exist for the OSP(1,2) algebra and they are all expressed in terms of
the Racah coefficients of the SO(3) algebra.

1. Introduction

The simpler Lie superalgebra OSP(1,2) has been studied for ten years. Pais and
Rittenberg [1] have given the irrep of the OSP(1, 2) algebra. Using a graded adjoint
operation, Scheunert et al [2] have established the relation between the metrics of two
isospin subspaces in an irrep of the OSP(1, 2) algebra and calculated the cG coefficients
of the OSP(1, 2) algebra.

Our aim is to study the coupling of three irreps of the Lie superalgebra OSP(1, 2)
and its Racah coefficients. The characteristics in this paper are as follows: (i) we use
a new form of the irrep of OSP(1,2), in which the basis vectors of the irrep J are
labelled by |2J, M), where M = —2J, -2J +1, ..., 2J; (ii) we also use the graded adjoint
operation. In view of the fact that the metrics of the coupling spaces are always
indefinite, even if the metrics of the in-coupling spaces are positive definite, we adopt
the indefinite metric to set the general theory on coupling from the very start.

The contents of this paper are arranged as follows: we describe the new form of
the irrep of OSP(1, 2) in § 2, give the coupling theory with an indefinite metric in § 3
and study the coupling of three irreps of OSP(1,2) and its Racah coefficients in § 4.

2. New form of irrep for OSP(1,2)

We describe the new form of the irrep of OSP(1,2). First, we write the OSP(1,2)
algebra as

[Qs, Q.]1=%20. [Q+,Q-1=Qs
[Qs, Vi]l==2V, [Q., V=]=V. [Q., V.]=0 (2.1)
{Vts V¢}= _%03 {Vz, Vx}—_-:t%ozt

We may show from these relations that the actions of generators on the basis vectors
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are as follows:
Qs|2J, My= M|2J, M)
Q.2J, M)y=A.(M)[2J, M +2) (2.2)
V.2J, My=B.(M)|2J, M 1)

where (with a convenient choice of phases)

_[HIFM) (2T £ M+2)]"? Me{2J,27-2,..}
A’(M)_{%[(2J—M:1)(2J+Mi1)]”2 Me{2J-1,2J-3,..} (2.3)

_[Fle2IF M) Me{2J,2]-2,..}
B*(M)_{—[g(zfiMﬂ)]“2 Me{2J-1,2J-3,.. .} (2.4)

Since the OSP(1,2) algebra has been written in the form (2, 1), the Casimir
operator is

K=Q3+2(Q.Q-+Q-Q)+4(V.V_-V.V,) (2.5)

and its eigenvalue is 2J(2J +1).

The basis vectors with M € {2J, 27 -2, ...} and those with M e {2J-1,2J-3,...}
form two subspaces of the irrep J. We denote the degree of the basis vector |2J, M)
by A(M) which has the same value for all basis vectors in a subspace, A =0,1. We
may show by means of the graded adjoint operation [2] that there is a relation between
the metrics of two subspaces, namely

e(2J, M)e(QJ, M +1)=a(-1)*?" (2.6)

where £(2J, M) =(2J, M{2J, M)= =1, A(2J) is the degree of the subspace formed by
the basis vectors with M e{2J,2J-2,...}, while a==1 corresponds to the graded
adjoint operations V¥ =aV,, Vi=-aV_.

3. Coupling theory with indefinite metric

We first show the necessity of introducing the indefinite metric for the study of Racah
coefficients, and then simply describe our theory on coupling.

3.1. Introduction of the indefinite metric

We denote the in-coupling spaces by J,J, and the coupling space by J. In our new
form 2J =2J,+2J,,2J,+2J,~1,...,]|2J,—2J,. We now consider the irrep J and its
subspace with degree A(2J). Because 2J — M is even, if 2(J,+J,—J) is even, then
2J,— M, and 2J,— M, are all even or odd; if 2(J, +J,—J) is odd, then 2J, — M, is even,
2J,— M, o0dd, or 2J, - M, is odd and 2J,— M, even. From A(M) = A(M,)+ A(M,) (see
(3.2) below), we obtain A(2J)=A(2J,)+A(2J,) for even 2(J,+J,—J) and A(2J)=
A(2J))+A(2J,)+1 for odd 2(J,+J,~J). The two cases can be combined into a single
formula (with a difference of an even integer):

AQRI)= A1) +A(2J)+2(J,+ I, = ). (3.1)
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One sees from (2.6) and (3.1) that the relation £(2J, M)=¢(2J, M +1) cannot be
obtained simultaneously in the two cases 2Je{2J,+2J,, 2J,+2J,-2,...} and 2J ¢
{2J,+2J,—1, 2J,+2J,-3,...}. Therefore, the metrics of the coupling spaces are
positive for some subspaces and negative for other subspaces, regardless of whether
the metrics of the in-coupling spaces are positive or negative. Thus, if we want to
study the coupling generally, for the cases of the coupling of three or four irreps in
particular, it is necessary to introduce an indefinite metric.

3.2. cG coefficients

We denote the basis vectors of the in-coupling spaces J, and J, by |2J,, M,) and
[2J,, M,), respectively, and the basis vectors of the coupling spaces by |2J, M). We
express the relations between the basis vectors of the coupling spaces and those of the
in-coupling spaces as

2/, M)= ),

MM,

(211 20, 2J

M M M >|211 , M)|2J;, M) (3.2)
! 2

e(2J;, M2)|2-]2, My)e(2J,, M1)|2-’1 , My

-3

2J

(2.11 25, 2J

M M M)E(2J, M)|2J, M) (3.3)
1 2

where ( ) is the cG coefficient, M = M, + M,.

From (3.2) and (3.3), we can derive the orthogonality conditions of the cc
coefficients:

) (—1)““1’*‘“2):5(211,Ml)e(zfz,Mz)(yl 212 2’)(“ 21 2’)

MM, M M, M/\M, M, M
=e(2J, M), ;6001 (3.4)
eenmn(i o V)G e o)
=(—1)A(M1M(M2)£(2]1,M1)€(2J2,M2)5M{M15M2rM2 (3.5)

and their recursion relations

2J, 2J, 21)
A M
( )<M1 M, Mz=2
25, 20, 2J 20, 2 2J
=A1(M$2)( ! 2 )-+—A2M=|:2< ! 2
VUM F2 M, M MFN\ M, M2 M) GO
2J, 2J 2J 20, 2J, 2J
BiM(’ : >=31M:1< ! 2
()M, M, Mzx1 (M, )Mlxl M, M

(3.7)

+(_1)MM')BI(M2:F1)(2J1 2.’2 2.])

M, M,F1 M/}’
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Eight kinds of cG coefficients exist, which are classified according to the odd-even
properties of 2J,— M, 2J,— M,,2(J;+J,—J) and 2J — M (see table 1). By means of
the relations (3.4)-(3.7) and a convenient choice of the relative phase between the cG
coefficients with even 2(J,+J,—J) and those with odd 2(J,+J,—J), we can obtain
eight kinds of cG coefficients (which are determined up to a common sign) as follows:

| <;>.J1 27, 2])=(J,+12+J+1)1/2C21l21221
M, M, M 2J+1 MMz M
, (211 2J, 2]):<11+12+J+%>1/2C211—1212—121—1
M, M, M 2J Mo My M
3 <2]1 2J, 21)=(_1),\(2,‘)“(]1+Jz"1+%)1/zcyl21221—1
M, M, M _——21 ~ MM, M
4 (2], 2J, 2J>:(_1),\(2,‘)+1<11+Jz—J)1/2Cle—1212—12./
M, M, M 2J+1 Mo MM 38)
3.8
s (211 27, 21):(_l)w,)(M)”Culu;«]zJ—l
M, M, M 2] MM, M
; (211 27, 21)=(Jl—Jz+1+%)‘“cy,uz_m
M, M, M 2J+1 MMy M
; (2], 2J, 2J>:(Jl_JZ+J>]/2C211—12J22J—1
M, M, M 2J M MM
8 <2]1 2.]2 2.’)=(_1))\(211)+)<1_JI+J2+% 1/2C112J‘<12,’22.1
M, M, M 2J+1 M MM

where C on the right of (3.8) are the cG coefficients of the SO(3) algebra, its connection
with the usual form C}} 72 7 being

m; mym
20,20,20 _ g g, J
Cu mam=Ch R m (3.9)

where m =M, m; =1M,.
The proportional factors in (3.8) are actually the isoscalar factors, and their values
are as the same as those given by Scheunert et al [2].

Table 1. cG coefficients (+, even; —, odd).

2J, - M, 2J,- M, 20,+J,-0) 2J-M
1 + + +
2 - - - -
3 + + - -
4 - - + +
5 + - + -
6 + - - +
7 - + + -
8 - + - +
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Through the analysis of the symmetry properties included in (3.8), one can see that
the ca coefficients of the OSP(1, 2) algebra satisfy the following symmetry relations:

(21, 2J, 2J)=(_1)f1<:>.12 2J, 21) (3.10)
M, My, M M, M, M

( (3.11)
=(—1)f3<21‘ 2 ) (3.12)

(3.13)

where
fi=n(L, L) +2(L+L—-DAQRI)+ARINAQRT) + A (M)A (M,)
fo=n(J ) +2(0+ 1, =) (2] = M)+ (2J,— M)(2J, - M,)
fi= M7 =M)+[AQJ)+1][2(J,+ T, = J)+ A (M,)]
fa=3(M3+ M) +[A(2J,) +1)[2(J,+ .= J) + A (M,)]

while n(J,J,J) equals J,+J,—J for even 2(J,+J,—J) and J,+J,~J—3 for odd
2(J;+J,~J), and M; equals 2J; for even (2J;— M;) and 2J,—1 for odd (2J,— M,).

3.3. Metrics of coupling spaces

We may show by means of the orthogonality conditions and the formulae for calculating
cG coefficients that there is a relation between the metrics of the coupling spaces and
that of the in-coupling spaces, namely

e(2J, M) = (_1)2(11+12—J}(21—M)+(211—M‘)(212— Mz)-H\(Ml)A(MZ)E(ZJl  M)e(2),, My). (3.14)

4. Racah coefficients of the OSP(1, 2) algebra

4.1. Definition of the Racah coefficient

In order to study the coupling of three irreps, we may follow the method used in SO(3)
algebra [3]. There are two coupling approaches; in the first J,, J, are first coupled to
J" and J', J; then are coupled to J. In the second, J,, J; are first coupled to J" and
Jy, J" then are coupled to J. We denote the final state vectors by [2J, M), and |2J, M),.
which correspond to the middle states J' and J” respectively, and write the relations
between the final state vectors of the two kinds as

[2J, M), =; R;.,|2J, M),. (4.1)
5(2.], M)_]"lz..’, M>_]” = Z R_,u_,‘s(ZJ, M)_]"z.], M)J (4.2)
T

where R;.; = R(J,J,JJ5; J'J") is the Racah coefficient which is assumed to be real.
Because M on the two sides of (4.1) and (4.2) are the same, R does not depend on
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M. By making use of (3.2), the final state vectors of the two kinds can be expressed
in terms of the basis vectors of the in-coupling spaces:

127, M), = (211 27, 21')
’ ! M M, M| M2 M’
MM’
2 2J, 2
X(M, Mz M)lzjl, M1>|2j2, M2>I2‘I39M3> (4.3)
2, 20, 2J
2J, My, = ( 2 )
| ! MrzMz M, M, M
MyM”
2J, 27" 27
X ( Mj v M)|2JI, M|2Js, Mo)[2J5, M), (4.4)

Substituting the above expressions into (4.1), we obtain
(2], 2J, 2]')(2]’ 2J, 2])
M M, M/\M M, M

2J, 27, 21”)(211 2J" 21)
=Y Ry, . i
; ”<M2 M, M'J\M, M" M (45)

Using the orthogonality conditions (3.4) of the cG coefficients, we can obtain from (4.5)

Jo 20" 2
Rw(zl J )

M M M
= i (~DMMNE (2], MaYe (25, My)e(2J", M)
24¥3
><(2]l 2J, 2J’)<2]’ 2J, 2])(2.12 2J, 2J”> (4.6)
M M M/)\M M, M/\M, M, M" '
and
20, 2], 21’)(2]’ 2J, 2])
R = P(M MM
J"J MMleMz ( 14vi2 3)(M1 M2 M’ M’ M3 M
M'M”
20, 2Jy 2J"\(2J, 2J" 2]
x n ” (4‘7)
M, My M M M M

where

P(M,M,M;) = (_I)A(Ml)t\(Mz)+A(M2)A<M3)+;\(M3)MM1)

X &(2Jy, M)e(2J,, My)e(2J;, My)e(2J, M) ..

4.2. Calculating formulae for Racah coefficients

Now we consider A(2J). In the coupling approach where J,, J,>J'; J', J;» J, we
have A(2J)=AQ2J)+AQRL)Y+AQL)+2(Ji+J,=T)+2(J'+J,-J); in the coupling
approach where J,,J3>J", J,,J'>J, we have AQ2J)=A2J,)+A(2J)+
AQREB)+2(J,+ T, —J")+2(J,+J"—J). Because A(2J) is the same for the two coupling
approaches, we obtain (with a difference of an even integer)

20+ =00+ 2+ =)y =2, + I, =T+ 2(J,+J" = J). (4.8)



Racah ceefficients of the Lie superalgebra OSP(1, 2) 1967

We find from (4.8) that eight kinds of Racah coefficients exist which are classified
according to the odd-even properties of 2(J,+J,=J'), 2(J'+ J;—J), 2(J,+ J;—J") and
2(J,+J"=1J) (see table 2).

A simpler way of calculating Racah coefficients is to use (4.6). In order to derive
a set of calculating formulae, we must first make a convenient choice of the odd-even
properties of 2J, — M, and 2J"— M", then move the cG coefficient of the SO(3) algebra
from the left-hand side of (4.6) to the right-hand side, introduce the Racah coefficient
of the SO(3) algebra, and use (3.14) to eliminate the metric factors in (4.6). The
calculating formulae are the following (2J, — M, and 2J"— M" have been chosen to be
even):

1 R(J,JJIy 7T
=L +J"+T+ D) VH(L+ L+ T+ D)+ L+ T+ D) (L+ 5+ 7+ 1))
X WL LJIy, T =1 =T+ L)YJ + L= D)+ T, — T2
x W(Jy—3, JJy=3;, J' =3, 0"} (4.9)
2 R(J,LJI; J'I"
=+ =T+ VH(NL+ =T+ + L+ T+ )= T+ T+ 5H]Y?
X W JoJ =5, T, =% =107
+[(J, =L+ T+ )T+ =T +)(J" = L+ L+ )12
x W Jy=3, T =4, J3 JJT")} (4.10)
3 R(LJLJJy; ')
= (=DM g+ T =T +5) 72
<{[(Ji+ L+ T+ 1)(J =T+ ) (- T+ J"+1H)]"?
X W(LJLJ =4 =5 T = [(J =L+ L) J =L+ DT =T+ T+ H]V?
x WL J,=5, T =4 T =4 0" (4.11)
4 R(LJJI TI"
= (=1 g+ I+ T 1)V
X{{(N+ =T +D(J =T + 3+ )+ T+ J"+1)]Y2
X WS JoJIyy I =5 I =[(J =L+ T+ 3T = L+ T+ ) (I, + T, =12
x W(J\J,=3, J1; -5, J'J")} (4.12)

Table 2. Racah coefficients (+, even; —, odd).

A+ dy=J0) AT -T) 20, 0—JN 200,+07=1)

1 + + + +
2 —_ - —_ -
3 + + - -
4 - - + +
5 + - + -
6 + - - +
7 - + + -
8 - + - +
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5 R(J\JJJy; J'J")
=(=D)*(+I=T+) 7Y
){[(J,+ o+ T+ )T+ I,= T+ D)L+ T+ T +1)]?
X W(J, JoJ =, 1y T I =[(J' =T+ )T+ L+ T+ (L + 1, =12
X W(J J,=%, J=5, Js=%, J'=3, 0"} (4.13)
6 R(J,J,JIy; J'J")
=(J AT+ T+ V(LA T+ )T =T+ T+ (= T+ T '+5)12
x W(J,J,JJ3—%;, J'J")
+[(J =T+ LT =T+ T+ "= D+ T +D)]?
xW(J J,=3, Iy T3, 7"} (4.14)
7 R(JLJLJIs; J'J")
=(J T =J+DVH(N+ L= T +)(T =T+ DT+ T+ T "+1)]2
x W J,J=3, Ty J'=3,07)
+[(J =LA T +)T =T+ I+ -T2
x W(J, =5, T=3, J;—%, J'J")} (4.15)
8 R(J,J,JJ3; J'J"
=(-)*FT I HT I
x{[(J\+J=T'+)(J'+ L= D) (J= T3+ T"+3)]Y?
x W(J, L JI—3, J' =3, ")
H (S =TT+ (T + L+ T 1) =T+ J+5)]Y2
xW(J,J,=3, I3 JU")} (4.16)

where W( ) are the Racah coefficients of the SO(3) algebra [3].

The simpler Racah coefficients corresponding to the J'=0 and } cases are shown
in the appendix.

4.3. Orthogonality conditions of Racah coefficients

From the definitions (4.1) and (4.2) for R, we can easily derive the orthogonality
conditions of the Racah coefficients:

; 5(2], M).I"RJ”!’RJ”J’=5(2-’9 M)J'aj’.l' (4-17)
z e(2J, M)I’RJ"J'RJ”J'= 5(2], M)J”5J”J”~ (4~18)

7
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1t is noteworthy that the metrics of the final states with different middle states are
generally different by a phase factor:

8(2.] M)!/=(_1)2(Jl+Jz-J')2(J'+13—J)+2(Jz+13—.’”)2(J1+J”—!)8(2‘] M)j“. (4.19)

We can prove (4.19) by means of (3.14) and (4.8).
Substituting the relation between €(2J, M), and £(2J, M), into (4.17) and (4.18),
we obtain

Z ("1)2(12+13_J")2(11+J”’J)RJ"J’RJ"J’=(_1)2(11+J2—J’)2(J/+‘,3_J)SJ’J’ (4.20)
T

2 (_1)2(l‘+12—1’)2(J'+JS——J)RJ”J’RJ”J’=(__1)2(JZ+JJ—J”)2(11+J”—J)8J”J”. (4.21)
e
4.4. Symmetry properties of Racah coefficients

The Racah coefficients of the OSP(1, 2) algebra satisfy the following symmetry relations
(for simplicity, we replace J,J,JJ;J'J" by abcdef respectively):

(_1)/\(20)2(a+d+e+f)+2(a+b+e)2(b+d)R(badc; ef)

=(__l)A(2b)2(b+c+e+f)+2(a+b+e)2(a+c)R(abcd_ ef) (4'22)
(—1)A2d2ardress ) 2b+d+NAD R (cdab: of)
—(=])AE02berex))F2Ab+ANAA*D) R ahed of ) (4.23)

(__1)A(2c)2(b+c+e+f)+2(c+f)R(acbd;fe)___(_1)/\(2b)2(b+c+e+f)+2(b+e)R(abcd; ef) (4.24)
(_1)n(afc)+2(a+f+c)[A(2a)+2(b+d+f)+1]R(aefd; bC)

=(_1)n(abe)+2(a+b+e)[A(2a)+2(e+d+c)+1]R(abcd; ef). (425)

These symmetry relations can be proved by means of the symmetry relations of cG
coefficients. The other symmetry relations could be obtained from (4.22)-(4.25). The
reader may check the symmetry relations one by one using the examples in the appendix.

5. Conclusion

OSP(1, 2) is one of the few Lie superalgebras for which coupling coefficients may be
introduced. We have calculated the coupling coefficients of the OSP(1, 2) algebra and
determined their properties. There are eight kinds of cG coefficients and eight kinds
of Racah coefficients of OSP(1, 2) algebra and they are all expressed in terms of the
corresponding coefficients of the SO(3) algebra. These results strongly reflect the
connection between the representations of the OSP(1, 2) and SO(3) algebras.

Appendix. A table of Racah coefficients

We give the Racah coefficients for J'=0, ;. For simplicity, the letters J, J, JJ, J' J" are
replaced by a bcdef, respectively.
(i) e=0

1 R(bbdd; 0f )=(-1)t"¢~
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3 R(bbdd; Of )=(—1)A@0)+b+d=r+1/2
(ii) e=3
c
1
a d+} d-L
b+3 (=1)bre-r (=1)b+d=f
x(<”+d+f+1>(b+d—f+1>>‘“ x((b—d+f+1)(—b+d+f)>”2
(2b+13(2d+1) (2b+1)2d
b-3 (-pyrrat (=1)brd-r1
x<(‘b+d+f+1)(b—d+f)>‘“ (W)l/z
2b(2d+1) x 2b2d
. 4bd+b+d+f+}
2 R(bbdd:  f)=(-1)b+4~/"1/2 1
( A [2b(2b+1)2d(2d+1)]"/?
c
3
a d+% d—%
b+3 (=) 30r+brd=r+1/2 (_1)rCorbra=ro2
x((b+d—f+%)(b+d+f+%))l/z x((b_d+f+%)(_b+d+f_%))l/z
(2b+1)(2d+1) (2b+102d
b—1 (—1)r@Brbra—y+1/2 (=1)rRb b2
><((—b+d+f+%)(b—d+f—%)>1/2 x((b+d—f—%)(b+d+f+%)>l/z
2b(2d+1) 2624
4 R(bbdd; L f)=(—1) @0)+brd=s+i 4bd+b+d—f
’ [2b(2b+1)2d(2d+1)]"?
c
S
¢ d
bt (_1)A<zh,+h+d_f((b+d+f+1)(—b+d+f))*/2
(2b+1)2d(2d+1)
p-1 (_I)A(Zb)+b+d—f+1(W>l/z
’ 2b2d(2d+1)
6 ¢
¢ d
b+t (_1)b+d—/—n/z<(b"d+f+%)(b+d—f+%))”2
(2b+1)2d(2d+1)
b1 (_1)b+d-—f~1/2<(b+d+f+%)(—b+d+f+%)>l/z
2b2d(2d+1)
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7
a d+} d-3
b (_1)b+d‘[ (_1)b+d—f+l
y ((b+d+f+ 1)(b—d+f))"2 y ((b+d —f)(—b+d+f))‘“
2b(2b+1)(2d +1) 2b(2b+1)2d
4
8
a d+} d-1
b (_I)A(zh)+b+d—j+l/2 (_I)A(Zb)+b+d—f+l/2
X((—b+d +f+ib+d —f+§)>”2 x((b+d+f+%)(b—d +f+5)>”2
2b(2b+1)(2d +1) 2b(2b+1)2d
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